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Abstract
The aim of this article is to propose a simple mathematical model providing the mean evolution of the
interface between two 4uids, the injected one and the other one initially 6lling the mold when the surface
tension is neglected. Then using the asymptotic expansion we obtain a conservation law, describing the
evolution of the free boundary between the 4uids. A Riemann’s problem for the nonlinear hyperbolic equation
for the free boundary describes the injection as a rarefaction wave for the saturation which admits three kind
of solution parameterized by the ratio of viscosities. If the mobility ratio is null, we prove that the interface
is not attached at the inlet of the mold.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
We consider the injection of a viscous incompressible 4uid in a mold having a form of narrow
capillary 6ssures or vertical slits with small thickness. For a single-phase 4ow the capillary slit
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model in which the pore space is represented as an array of slits of width i is frequently used (see
e.g. [2, pp. 164–165]). All slits are assumed to be parallel, and hence nonintersecting. The resulting
capillary slit model has a porosity ’ = (1=l)
∑N
i=1 i. The Kozeny theory [9, p. 101] proceeds as
follows. Assume that the mold (see Fig. 1) has a cross section F and a pore cross section f with
f=’F . For D the volume of liquid passing during unit time, if we denote by qp the average pore
velocity and by q the 6lter velocity, one has
qpf = qF = D ⇒ qp = Df =
D
F’
: (1)
The Carman–Kozeny model introduces as a correction factor c accounting for the shape of a single
pore for the single-phase 4uid 4ow. For the case of slits, the correction factor is c = 23 , and the
Carman–Kozeny model, leads to divide the cross-section of the porous medium by this shape factor
c. Thus, qp the average pore velocity given by (1) becomes qp = cD=F’= 2=3(D=F’). We assume
that all the slits have the same width , and for a slit, the Hele–Shaw model applies which provides
a parabolic pro6le in the width for the velocity. Next we suppose the constant injection velocity
at x2 = 0. The problem is then reduced to propose a simple two-dimensional mathematical model
when the surface tension is neglected providing the mean evolution of the interface between the two
4uids, the injected one and the other one initially 6lling the plan.
2. Two-dimensional mathematical model
The stationary two 4uids incompressible 4ow, in the two-dimensional domain (x2; x3)∈ =
]0; L[× ]0; h[, is described by the following Stokes system in which v˜ is the velocity, p the pressure
and  is the dynamic viscosity, taking values in {1; 2} (see [7]):
−div(∇v˜) +∇p= 0 in ×]0; T [;
div v˜= 0 in ×]0; T [;
9
9t + div{˜v}= 0 in ×]0; T [ (2)
l= 120mm
L=400mm
h=
3m
m
x1
x2
x3
0
Fig. 1. Schematic mold.
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with boundary and initial conditions
v˜(0; x3; t) = (u00(x3; t); 0) on]0; h[×]0; T [;
v˜(L; x3; t) = (u0L(x3; t); 0) on]0; h[×]0; T [;
qp(t) =
∫ h
0
u00 dx3 =
∫ h
0
u0L dx3;
v˜= 0 on]0; L[×{0}×]0; T [ ∪ ]0; L[×{h}×]0; T [;
= 2 on {0}×]0; h[×]0; T [;
= 1 on]0; L[×]0; h[×{0}: (3)
The height h is very small compared to L the length, so we put h= and we introduce the change of
variable z=x3= and of unknowns v˜(x2; z; t)=v˜(x2; z; t); p(x2; z; t)=p(x2; z; t); (x2; z; t)=(x2; z; t)
de6ned in  = ]0; L[× ]0; 1[ . The diKerential operators with respect to the (x2; z; t) variables noted
with a subscript  have the following expression:
div˜v=
9v2
9x2
+
1

9v3
9z ; ∇’=
9’
9x2
e˜2 +
1

9’
9z e˜3; ’=
92’
9x22
+
1
2
92’
9z2 :
System (2) becomes
−div(∇˜v ) +∇p = 0 in ×]0; T [;
div˜v  = 0 in ×]0; T [;
9
9t + div{
v˜ }= 0 in ×]0; T [ (4)
with boundary and initial conditions
v˜ (0; z; t) = (u00; 0) in ]0; 1[×]0; T [;
v˜ (L; z; t) = (u0L(z; t; 0) in ]0; 1[×]0; T [;
qp(t) = 
∫ 1
0
u00 dz = 
∫ 1
0
u0L(z; t) dz on ]0; T [;
v˜ (x2; z; t) = 0 in ]0; L[×{0; 1}×]0; T [;
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(x2; z; 0) = 1 on ]0; L[×]0; 1[;
(0; z; t) = 2 on ×]0; 1[×]0; T [: (5)
In [6] Mikeli*c and Paoli proved in Propositions 2.1 and 2.2 the following a priori estimates for the
weak solutions of system (4)–(5), where H−1 stands for the dual of the Sobolev space H 10 (see
[1]). Here, C is a constant independent of ,
sup
t∈(0;T )
‖˜v‖L2()26C; sup
t∈(0;T )
∣∣∣∣
∣∣∣∣ 99z v˜ 
∣∣∣∣
∣∣∣∣
L2()2
6C;
sup
t∈(0;T )
∣∣∣∣
∣∣∣∣ 99x2 v˜ 
∣∣∣∣
∣∣∣∣
L2()2
6
C

; sup
t∈(0;T )
||p||L20()6
C
2
sup
t∈(0;T )
∣∣∣∣
∣∣∣∣ 99zp
∣∣∣∣
∣∣∣∣
H−1()
+  sup
t∈(0;T )
∣∣∣∣
∣∣∣∣ 99x2p
∣∣∣∣
∣∣∣∣
H−1()
6
C

: (6)
According to the a priori estimates (6), we will consider the following expansion in power of :
(x2; z; t) =
∑
i¿0
ii(x2; z; t);
p(x2; z; t) = −2p0(x2; t) +
∑
i¿1
i−2pi(x2; z; t);
v˜ (x2; z; t) =
∑
i¿0
iv˜ i(x2; z; t) with v˜ i(vi2; v
i
z):
Plugging the previous series in system (4) and considering only zero order terms leads to
− 99z
{
0
9v02
9z
}
+
9p0
9x2
= 0 in ×]0; T [;
9v1z
9z +
9v02
9x2
= 0 in ×]0; T [;
90
9t +
9
9z{
0v1z}+
9
9x2
{0v02}= 0 in ×]0; T [ (7)
with boundary and initial conditions
v˜0(0; z; t) = (u00; 0) in ]0; 1[×]0; T [;
v˜0(L; z; t) = (u0L; 0) in ]0; 1[×]0; T [;∫ 1
0
u00 dz =
∫ 1
0
u0L(z; t) dz on ]0; T [;
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v˜0(x2; z; t) = 0 in ]0; L[×{0; 1}×]0; T [;
0(x2; z; 0) = 1 on ]0; L[×]0; 1[;
0(0; z; t) = 2 on ×]0; 1[×]0; T [: (8)
Now, let us de6ne P;Q and R by
P(x2; z) =
(∫ z
0
d"
0(x2; "; t)
)(∫ 1
0
" d"
0(x2; "; t)
)
−
(∫ z
0
" d"
0(x2; "; t)
)(∫ 1
0
d"
0(x2; "; t)
)
;
Q(t) =
∫ 1
0
u00 dz =
∫ 1
0
u0L(z; t) dz;
R(x2) =
(∫ 1
0
"2 d"
0(x2; "; t)
)(∫ 1
0
d"
0(x2; "; t)
)
−
(∫ 1
0
" d"
0(x2; "; t)
)2
: (9)
Lemma 1. According to de?nitions (9), the function v02 solution to the problem (7) veri?es ∀(x2; z; t)
∈ × ]0; T [
v02(x2; z; t) = Q(t)
P(z)
R
: (10)
Proof. Integrate the 6rst equation of (7), and using boundary conditions v02 = 0 for z=0 and z=1,
we get
v02(x2; z; t) =−2
9p0
9x2
(x2; t)
{∫ z
0 d"=
0(x2; "; t)∫ 1
0 d"=
0(x2; "; t)
∫ 1
0
" d"
0(x2; "; t)
−
∫ z
0
" d"
0(x2; "; t)
}
: (11)
Moreover, integrating the continuity equation (7)2 over the section provides:
9
9x2
∫ 1
0
v02(x2; z; t) dz = 0; (12)
and consequently
Q(t) =−2 (9p0=9x2)(x2; t)∫ 1
0 d"=
0(x2; "; t)
{(∫ 1
0
"2 d"
0(x2; "; t)
)(∫ 1
0
d"
0(x2; "; t)
)
−
(∫ 1
0
" d"
0(x2; "; t)
)2}
:
Since the functions "(
√
0("; x2; t))−1 and (
√
0("; x2; t))−1 are linearly independent we can cal-
culate 9p0=9x2 from given Q(t) and 0. Plugging that expression in (11) gives (10).
It should be noted that in the lubri6cation approximation, v02 does not verify the boundary condi-
tions at x2 = 0, and x2 = L.
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Fig. 2. Pore.
We end this section by specifying the equation satis6ed by the interface. We assume that
H1: the interface I(t) ⊂  is symmetric with respect to the line z = 12 ;
H2: for a 6xed t, I(t) can be described by a continuous function
a : (x2; t) → z = a(x2; t)∈ [0; 12 ], the symmetric part of the interface is given by (1− a(x2; t))
with values in [ 12 ; 1] (see Fig. 2).
Lemma 2. Assume hypotheses H1 and H2 are satis?ed, then the function a is solution of the
following problem:
9a
9t +
9
9x2
(∫ a(x2 ; t)
0
v02(x2; "; t) d"
)
= 0 in ]0; L[×]0; T [;
ad = a(x2; 0) = 12 for x2 ∈ ]0; 1[;
ag = a(0; t) = 0 for t ∈ ]0; T [: (13)
Proof. We integrate Eq. (7)3 from 0 to 1. From the de6nition of 0(x2; z; t) = 1(]0; a(x2 ;t)[ +
]1−a(x2 ;t);1[) + 2]a(x2 ;t);1−a(x2 ;t)[ (see Fig. 2) we split the integrals into three parts and we get for the
three terms of (7)3:
∫ 1
0
90
9t dz =
d
dt
{
1
{∫ a(x2 ; t)
0
dz +
∫ 1
1−a(x2 ; t)
dz
}
+ 2
∫ 1−a(x2 ; t)
a(x2 ; t)
dz
}
=
9
9t (21a(x2; t) + (1− 2a(x2; t))2);
∫ 1
0
90v1z
9z dz = 0;
∫ 1
0
90v02
9x2
dz =
9
9x2
{
1
{∫ a(x2 ; t)
0
v02 dz +
∫ 1
1−a(x2 ; t)
v02 dz
}
+ 2
∫ 1−a(x2 ; t)
a(x2 ; t)
v02 dz
}
: (14)
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Moreover, Eq. (7)2 implies the continuity of v1z , and by integration from 0 to a or from 1− a to 1
we are able to express the values of v1z in terms of v
0
2. For example, we have:
v1z (x2; a; t) =−
∫ a(x2 ; t)
0
9v02
9x2
(x2; z; t) dz =− 99x2
∫ a
0
v02 dz +
9a
9x2
v02(x2; a; t):
Plugging that in (14)3 and using the symmetry of v02 with respect to z=
1
2 , (v
0
2(x2; a; t)=v
0
2(x2; 1−a; t),
see [11], we obtain:
2(1 − 2) 9a9t +
9
9x2
{
2
∫ 1
0
v02 dz + 2(1 − 2)
∫ 1
1−a
v02 dz
}
= 0:
By using the property (12) and the symmetry of v02 we derive Eq. (13) for a.
3. Specication of the interface according to the mobility coe!cient
The hypothesis of constant injection velocity at x2 = 0 implies that Q(t) =
∫ 1
0 u00(z; t) dz = q.
Theorem 3. Let M = 1=2 be the mobility ratio, de?ne
fM (a) =
a2(2a− 3)
(M − 1)(8a3 − 12a2 + 6a)−M ;
then the eAective injection front position a(x2; t) is the entropy solution of the following Riemann’s
problem
9a
9t + q
9
9x2
fM (a) = 0 in ]0; L[×]0; T [;
ad = a(x2; 0) = 12 for x2 ∈ ]0; L[;
ag = a(0; t) = 0 for t ∈ ]0; T [: (15)
Proof. From expression (10) we have∫ a(x2 ; t)
0
v02(x2; "; t) d"=
∫ a(x2 ; t)
0
Q(t)
P(z)
R
d"= q
∫ a(x2 ; t)
0
P(z)
R
d";
which after simple calculations gives∫ a(x2 ; t)
0
v02(x2; "; t) d"
=
1
2
q
[M + 2a(1−M)]((a2=2)− a3=3)
(M + 2a(1−M))(13 (M − 1)((1− a)3 − a3))− ( 12 (M − 1)((1− a)2 − a2) + 12)2
= q
a2(2a− 3)
(M − 1)(8a3 − 12a2 + 6a)−M (16)
and we get Eq. (15)1.
We can distinguish three diKerent situations depending on the values of M .
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Corollary 4. Depending on the values of M the solutions of Problem (15) are rarefaction or shock
waves:
• Case 1 (M = 0): The interface is progressing as a rarefaction wave
a(x2; t) =


0 if x2qt ¡
1
2 (part of the mold ?lled with the injected Euid);
v0( x2t ) if
1
26
x2
qt ¡
3
2 with v0 solution of f
′
0(v) =
x2
t ;
1
2 if
x2
qt ¿
3
2 (part of the mold ?lled with the noninjected Euid):
• Case 2 (M ∈ ]0; 32 ]): The interface is again as a rarefaction wave attached at the inlet of the
pore:
a(x2; t) =
{
vM ( x2t ) if 06
x2
qt ¡
3
2 with vM solution of f
′
M (v) =
x2
t ;
1
2 if
x2
qt ¿
3
2 :
• Case 3 (M ¿ 32): The interface contains a rarefaction wave and a shock wave and is attached
at the inlet of the pore:
a(x2; t) =


vM ( x2t ) if 06
x2
qt ¡f
′
M (aM ) with vM and aM verifying
f′M (vM ) =
x2
t and f
′
M (aM ) =
fM (
1
2 )−fM (aM )
1
2−aM
;
1
2 if
x2
qt ¿f
′
M (aM )
Remark 5. In Case 1 (M = 0), when t ¿ 2L=q the pore is 6lled with only the injected 4uid.
Proof. The classical methods for solving a scalar Riemann’s problem depend on the convexity of
the nonlinear 4ux function fM parameterized by M . We calculate the derivative of fM and we have:
f′M (a) =
(6a(2a− 1)2M + a(3− 4a))
[(M − 1)(8a3 − 12a2 + 6a)−M ]2 ¿ 0 on [0;
1
2 ]:
We have to consider three cases:
if M = 0;
f′′0 (
1
2) = 0 and f
′
0(0) =
1
2 ;
f0 is strictly convex on [0; 12 ];
if M ∈ ]0; 32 ];
f′′M (
1
2) = 0 and f
′
M (0) = 0;
fM is strictly convex on [0; 12 ];
if M ¿ 32 ;
f′′M (
1
2) = 0; f
′
M (0) = 0 and there exists 0M ∈ ]0; 12 [ solution of
48(M − 1)2a4 − 16(M − 1)(4M − 3)a3 + 24(M − 1)Ma2 −M 2 = 0;
such that
fM is strictly convex on [0; 0M ];
fM is strictly concave on [0M ; 12 ]:
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For solving the strictly convex cases the reader is referred to [10], and for the convex–concave case
the reader is referred to Concus and Proskurowski (see [3]).
Corollary 6. We assume M¿ 1, let s1 = 2a; s2 = 1 − 2a be, respectively, the saturations of the
noninjected and injected Euids. Darcy’s velocity is given by:
vDj (x2; t) =−
krj(sj)
6j
9p0
9x2
(x2; t); j = 1; 2;
with the relative permeabilities kr1(s1)=s21(3−s1)=2 and kr2(s2)=(3=2M)s2(1−s22)+s32. The relative
permeabilities are strictly monotones on [0; 1] with values in [0; 1].
4. Examples and comparisons with experimental data
4.1. Examples
In what follows, the evolution of the interface is depicted in Figs. 3 and 4, for 10 diKerent values
of time for 10 diKerent values of the mobility ratio M . The initial time is 0, the time step is 100 s,
and the 6nal time is 1000 s.
4.2. Applications and comparisons with experimental data
Isothermal resin transfer molding have been used by several automakers. The injection of the
thermoset resin into a matched mold that contains a dry-6bers preform is the most common used
process (see [5,11]). The low injection pressure (less than 15 bar), permits low stiKness of molds
and for a good 6bers wetting and a homogeneous 6lling, viscosities of resins should be in the range
0.01–10 Pa s−1. A computer simulations of the injection process are able to simulate speci6c molding
diLculties, provided a simpli6ed mathematical model is used (see [8]). Since the molar weight of
resins is low and since the viscosity is also low (less than 102 Pa s−1) the 4uid can be considered
as a Newtonian one and rheological eKects are neglected. The mold is heated and the process can
be considered as an isothermal one.
Fig. 3. Evolution of the front with M = 0 and 0.5.
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Fig. 4. Evolution of the front with M = 5 and 1000.
(M > 0) (M ≈ 0)
Fig. 5. Pictures of the evolution of the front with M ≈ 0:5 and 0.
Experiments were conducted to record the position of the resin front and resin location at speci6c
locations. The experiments were recorded with a video tape in order to compare the experimental
resin front pro6les, which move from the left to the right (see Fig. 5 where two diKerent viscosity
are used), with the numerical results.
The mold is a parallelepiped of size 0:12×0:4×0:003=1:44×10−4 m3. The in4ow velocity pro6le
is 4at on the left vertical face Sp of size Sp = 0:12× 0:003 = 3:6× 10−4 m2. The volume of liquid
passing during unit time Q is Q=1:1×10−5 m3 s−1, so, according to the Carman–Kozeny model we
get for the mean pore velocity qp=2:6×10−2 m s−1. The air viscosity 1 is 1=1:73×10−6 Pa s−1,
and the resin viscosity 2 is 2 = 1:3× 10−1 Pa s−1. Thus M = 1=2 ≈ 0 since it is of order 10−5.
Since we are in Case 1 or Case 2 (M ∈ [0; 32 ]), we know from Corollary 4 that the interface moves
as a rarefaction wave t → (x2(t); z = a(x2(t); t)) where
x2min (t)6 x26 x2max (t) with x2min (t) =
{
1
2 qpt in Case 1
0 in Case 2
and with x2max (t) =
3
2 qpt. The relation de6ning the interface z = a(x2; t) reads x2 = qpt × f′M (z) .
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Fig. 6. The presented model (with line) experimental results (with boxes) and 6nite element results (with crosses).
The mean abscissa x2mean (t) of the interface is for M ∈ [0; 32 ]:
x2mean (t) = 2qpt
∫ 1=2
0
f′M (z) dz = 2qpt
(
fM
(
1
2
)
− fM (0)
)
= qpt: (17)
In Fig. 6 the mean position (in cm) of the interface is depicted as a function of time (in s):
• with boxes, for the experimental position 1
• with crosses, for the calculated mean position 2 when the Stokes equations are solved with a 6nite
element method on a two-dimensional domain (the thickness has been neglected), see [4]
• with line, for the presented model with the homogenized solution given by (17).
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